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Abstract
The quasi-local theory of black-holes uses isolated horizons, rather
then entire space-times. Each isolated horizon is described by its
geometry: the induced metric and parallel transport. The space of
the geometries is infinite dimensional. On the other hand, the isolated
horizons defined by the Kerr metric form a 2-dimensional subfamily.
In this letter we derive geometric conditions on an isolated horizon
that distinguish the geometries defined by the Kerr solution.
1 Isolated horizons.
In the quasi-local description of black holes the role of an event horizon is
played by so called isolated horizon[3, 1, 4], that is a null 3-surface
S R =  M (1)
contained in a spacetime M , generated by segments of null geodesics orthog-
onal to a space-like 2-sphere S, and subject to the following set of conditions
replacing the standard global stationarity assumption: there is a null vector
eld ` tangent to  such that its flow is (i) a symmetry of the induced on
 metric tensor q and (ii) a symmetry of the connection D dened on the
1
tangent bundle T () by the restriction of the spacetime connection1 r. The
pair (q,D) is referred to as isolated horizon geometry and an isolated horizon
is identied with (, [`], q,D), where [`] is the symmetry group generated by
`. Two metric tensors g and g0 dene a same isolated horizon geometry on
 if and only if they coincide on  up to the rst order (with respect to
the derivative in a transversal direction) modulo a dieomorphism dened
in a space-time neighborhood of  and acting in  as the identity. Isolated
horizon geometry has local degrees of freedom. They are the intrinsic metric
tensor q, the rotation 1-form potential ω dened on  by the derivative of `,
D` = ω ⊗ `, (2)
and the pullback Rab of the Ricci tensor to [4]. If we assume about the
matter elds the strong dominant energy condition, then the pullback of the
Ricci tensor is constrained by[3]
Rab`
b = 0. (3)
All of the above covariant tensors dened on  are Lie dragged by the sym-
metry generating vector eld `,
L‘qab = L‘ωa = L‘Rab = 0. (4)
The factor κ(‘) in `aD` = κ(‘)` is called surface gravity of `. It follows from
the symmetry of the isolated horizon and from the vanishing of Rab`
a, that
the surface gravity κ(‘) is constant,
κ(‘) = const. (5)
We call an isolated horizon extremal if κ(‘) = 0.
2 The question.
Even if we assume that the pull back of the Ricci tensor onto an isolated hori-
zon  is zero (a vacuum isolated horizon) the remaining degrees of freedom
1The first condition implies that the spacetime parallel transport along any curve con-
tained in ∆ preserves the tangent bundle T (∆).
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are the degenerate metric tensor q and the rotation 1-form potential ω. On
the other hand, the celebrated vacuum Kerr metrics dene a 2-parameter
family of the isolated horizons. A natural question question is what dis-
tinguishes the isolated horizon geometries (q,D) corresponding to the Kerr
metric?.
3 Invariants of isolated horizons.
It will be useful to characterise a non-extremal vacuum isolated horizon
(, q,D, [`]) by two scalar invariants. The rst one is the Gauss curvature
K of the 2-metric q^ induced on any space-like 2-surface passing through a
given point of . The second one is the rotation scalar Ω dened by
dω = Ωvol, (6)
where vol is the volume 2-form2 of . The invariants are combined into a sin-
gle, complex valued function, namely the component Ψ2 = Cγ`
n(`γn−
mγ m) of the Weyl tensor, where m, m, n, ` is any null vector eld adapted




(−K + iΩ). (7)
For every global, space-like crossection S 0 of , Ψ2 satises the following
global constraint, ∫ 0
S
Ψ2vol = −2pi. (8)
Every non-extremal isolated horizon geometry (, q,D, [`]) is determined3,
up to dieomorphisms preserving the null generators of  and the vector
eld `, by the pair of invariants (K, Ω). Owing to the symmetry (4), the
invariants are constant along the null generators of .
2There is naturally defined 2-volume-form vol on each null 3-surface such that for every
space-like 2-subsurface S′ the integral
∫
S′ vol equals the area of S
′.
3Isolated horizon is not assumed to be geodesically complete. Therefore, some extra
information would be needed to know what finite segment of each null geodesic tangent
to ∆ is contained in ∆.
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4 The vacuum Petrov type D isolated hori-
zons.
The results presented below come from [5, 6]. Let (, [`], q,D) be a non-
extremal isolated horizon. Not all the components of the Weyl tensor are
determined at  by its geometry (q,D), so the geometry can not be assigned
any ‘Petrov type’. However, if we assume that the spacetime has the following
property at ,
(i) the Ricci tensor and its rst radial derivative vanish on ,
then, the Bianchi identities and (q,D) determine the evolution of the missing
Weyl tensor component along . Combined with the assumption, that
(ii) the Weyl tensor is of the type D on ,
the evolution equation comes down to a certain condition on the isolated
horizon geometry (q,D). To write down the condition, notice, that owing to
the null symmetry (4) of an isolated horizon, its degenerate metric tensor q
and the rotation 1-form potential ω can be represented by their pull backs q^
and, respectively, ω^ onto a xed global space-like section S  . Let
q^AB = mA mB + mB mA, (9)
and denote by δ and α− β, respectively, the dierential operator
δ := mA∂A, (10)
and the coecient
[δ, δ] = (α− β)δ − (α− β)δ. (11)
Proposition 1. The conditions (i) and (ii) above imposed at a non-extremal
isolated horizon (, [`], q,D) imply the following condition on the invariants
of the isolated horizon geometry (q,D),
(δ + α− β)δ(Ψ−
1
3
2 ) = 0, (12)
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For every 2-sphere equipped with a 2-geometry q^ and a function Ω such that
the Gauss curvature K and Ω satisfy (12) there is an isolated horizon of the
invariants K, Ω and such that the conditions (i), (ii) hold.
The above equation is derived in [5, 6] and the second part of the propo-
sition follows from the results of [2]. The equation (12) is independent of the
choice of null frame m, m. Notice, that in fact, this is a 4th order dierential
equation on the metric q^, because
−2ReΨ2 = δ(α− β) + δ(α− β)− 2(α− β)(α− β). (13)
(The condition (i) can be weakened: not all of the Ricci tensor components
have to satisfy (i). All we need is: (a) the vanishing of the pull back Rab of
the Ricci tensor to , and (b) the vanishing of the contribution coming from
the Ricci tensor and its radial derivative to the Bianchi identity involving
`a∂aΨ4, where Ψ4 := Cγn
 mnγ m.)
Definition A vacuum, non-extremal isolated horizon (, `, q,D) which sat-
isfies the condition (12) is called a vacuum type D isolated horizon.
Consider now, the case when
(iii) (, [`], q, `) admits an axial symmetry.
Then, denote by  the vector eld tangent to  and generating the axial
symmetry,
[, `] = 0 = [,D]. (14)
On the 2-sphere S, the axial symmetry group denes a symmetry group of q^
and ω^ generated by a vector eld ^.
Proposition 2 Suppose a non-extremal isolated horizon (, [`], q,D) satisfies
the conditions (i), (ii), (iii) above. Then, the condition (12) of Proposition




2 ) = A^ v^ol, (15)
where d is the exterior derivative on the 2-sphere S, A is a complex constant
and v^ol is the volume 2-form on S defined by the metric tensor q^.
We were able to nd all the isolated horizon geometries that satisfy the
condition of Proposition 2 locally, that is in some open subset of  which
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does not include any global space-like section of . Imposing the integral
constraint
∫
S Ψ2v^ol = −2pi restricts the set of solutions and leads to the
following conclusion:
Proposition 3
1. An isolated horizon belongs to the family of the Kerr isolated horizons
if and only if it is a vacuum type D axially symmetric isolated horizon
in the sense of the definition formulated above.
2. An isolated horizon belongs to the family of the Kerr isolated horizons
if and only if it is axially symmetric and its invariants satisfy the con-
dition (15). The constant A is necessarily purely imaginary.
Each item of the above proposition provides a complete characterisation
of the Kerr isolated horizon geometry.
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